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" The ordering of one- and two-dimensional spin systems of finite thickness and cross sectionis
considered in the presence and absence of a symmetry-breaking magnetic field. The exchange
interactions are allowed to vary randomly or regularly throughout the lattice. Itis shown rigor-
ously by applying Bogoliubov’s inequality to a subdomain of the system that, provided the
(suitably averaged) exchange interactions do not fall off too slowly, no spontaneous ordering can

occur,

Explicit bounds on the spin-spin correlation function, summed over the sites in a sub-

domain, are obtained which indicate how the short-range order decays with distance. Detailed
numerical plots for the order as a function of the subdomain size are presented for various real-

istic values of the temperature.

Conditions under which these curves yield bounds on the spa-

tial decay of the spin-spin correlation function are also discussed.

I. INTRODUCTION

This paper represents a continuation of the pro-
gram begun in the previous one! (hereafter referred
to as I), which discussed Bose particle systems.
Since there is particular interest in spin systems,
and since the arguments and numerical analysis will
differ somewhat, the magnetic case willbe presented
in a self-contained fashion (although some allusion
will be made to analogous procedures used in the
Bose case). The reader should consult the Introduc-
tion and Sec. II of I for a general description of
notation and strategy® (to be summarized briefly
below), but those interested solely in spin systems
can omit the discussion of second quantization in I
[Eqs. (12.3)-(12.15)].

We consider an anisotropic Heisenberg ferromag-

net of 9U(Q) localized spins S(F) occupying the sites
T of a regular lattice contained in a three-dimen-
sional domain 2. We take the Hamiltonian to be

[(12.1)]
Ta=— % Tz T JoF, FISUF)SUEN + Zs B - §@),

=X,y

(1.1)
where h(F) is the external field in energy units
(A= guH), while J,(F, ) is the exchange coupling.
We will allow J,(F, ') to be regular or to vary ran-
domly throughout the lattice, subject only to the
condition of “planar” isotropy, i.e.,

JFF)=J,F F)=JF F)=JF, ) for F,F'CQ .

(1.2)
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(a) (b)

FIG. 1. Sectioned domain © showing a “slice” sub-
domain I' and surrounding corridor A. A coordinate sys-
tem is shown indicating tne decomposition of a vector into
parallel (ll) and perpendicular (L) components. (a) One-
dimensional case showing, in addition, the enclosing
“box” A and the lattice structure. (b) Two-dimensional
case; enclosing box A not shown.

No restrictions will be made on J,(¥,T"). The cor-
relation function is taken to be [(I12.18)]

03T, )= (S*F)S*F g , (1.3)
or [(I2.19)]
oo, F)=(S*F)S" (g , S*=5*+iS”. (1.4)

A “slice” subdomain I'CQ is chosen [see Fig. 1,
and the discussion after (13.1)], and we shall con-
centrate attention on the order parameter ¥o{f| I}
defined by [(12. 23)]:

[U(D)¥of 7| THE = 9(T)ng{ £ T}= (] _Z_“,r FOS @
=2, 2 fXEVfF)ooF,T) ,

FcI ¥Cr

(1.5)
subject to [(I 2. 22)]
|f@®] =1 for FCT
=0 otherwise. (1.6)

Note that when f(¥)=1 in T', the order parameter is
simply proportional to the square of the total mag-
netization in I'; similarly, if we choose f(¥)=e'%'F,
where k; is fixed, the order parameter is the square
of the corresponding total “antiferromagnetic”
magnetization.

If, in the thermodynamic limit, £ may be con-
tained between two parallel planes of a fixed, finite
separation, we say the dimensionality is restvicted
to d=2.% Similarly, if & can be contained within a
cylinder of fixed, finite rectangular cross section,
the dimensionality is said to be vestricted to d=1.°
We refer to the infinite domain enclosing Q as the

“box™ A.

Two questions pertaining to magnetic systems in
restricted dimensionality were posed in the Introduc-
tion of I (see also Ref. 2). In the first place, one
would like to know how the static order-order-cor-
relation function decays for large spatial separations
of the arguments. Secondly, one would like to prove
the absence of spontaneous ordering* without the in-
troduction of a symmetry-breaking field. We have
found that Bogoliubov’s inequality®

14, A 2esT|((C, AD |2/ C,500), €T, (1.7)

which is valid for any Hermitian Hamiltonian as long
as the traces exist, can be manipulated to provide
answers to these questions.

For spin systems described by (1.1) and (1. 2)
[with 7,(F) = h,(¥)=0], in which J(¥, ") does not decay
to zero too slowly, we will establish the bounds

'I’n{f] r}<e,/[ToUr))* for d=1

< &,/{T In[o(T) /)2 for d=2 (1.8)

as 9(T"), the number of spins in the subdomain T,
goes to infinity. The coefficients ®,, ®,, and 9%,
can be derived from the explicit formulas developed
below [see (5.6)-(5.8), and (5.19) and following];
they are slowly varying functions of intensive pa-
rameters, and are independent of T except that at
high temperatures &, falls as 1/7 V%,

These bounds remain (uniformly) valid if the ther-
modynamic limit %(Q) - « is taken on the left-hand
side, and also if transverse fields £,(F) and A, (F)
are imposed outside the subdomain I'. The decrease
of the limiting order ¥.{f|T'} to zero as 9(T") -
implies the absence of long-range order in the in-
finite system. The absence of spontaneous total
order is proved by setting I'=Q and =1 before
taking the thermodynamic limit. The rate of de-
crease of ¥.{f|T'} with 9(T") indicates the rate of
decay of the pointwise correlation function o«(F, 7).
Roughly speaking, (1.8) means that 0«(f, ") must
decrease at least as fast as 1/|5-7'IY2 for d=1,
and as 1/In|¥ - 7’| for d=2; in certain circum-
stances bounds on o.(%, ¥’) of this form can indeed
be estabilished (see Sec. VI). It may be noted,
however, that the rates of decrease are not fast
enough to ensure that o.,o(a, ¥) is integrable. Con-
sequently, an infinite susceptibility or “weak long-
range order’® has not been ruled out.

The form of the 91(I") dependence of the bounds
(1. 8) remains valid whenever the appropriately
averaged exchange interactions Jp(R) R=7 -7
see Sec. III) have a finite second spatial moment.
More generally, however, the absence of long-range
order will be demonstrated under circumstances
where the second moment diverges or, when d=1,
where even the first moment diverges. In these
cases the pointwise correlation functions must still
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decay to zero but the bounds will decrease more
slowly than described above.

The outline of this paper is as follows: In Sec.
II the basic inequality [analagous to (I 3. 43)]is ob-
tained for the special case of nearest-neighbor in-
teractions; this inequality is extended to general
interactions in Sec. I (but less care is exercised
in obtaining best possible results). The inequalities
for both nearest-neighbor and long-range interac-
tions are analyzed in Sec. IV, while more detailed
numerical bounds, principally for the nearest-
neighbor case, are presented in Sec. V. In Sec. VI
we conclude by showing how bounds on the pointwise
correlation functions may be found.

I1. BASIC INEQUALITY FOR SPIN SYSTEMS

In this and the following sections we discuss spin
systems on the basis of the Heisenberg-Ising Ham-
iltonian (1. 1) subject only to the axial symmetry
condition

J,&F ) =J,F F)=JF T)=JF", 7 (2.1)

Note that J(¥, ') may be of either sign and no re-
strictions are placed on J,(F, 7).

In the interests of clarity and simplicity we will
suppose the lattice on'which the spins are located
is of simple cubic structure with spacing a. In
addition, we will assume that the lattice domain Q
containing () spins can itself be contained in a
“box” domain A, which, in the case d=2, contains
exactly 9, layers of an infinite square lattice stacked
to form a simple cubic lattice of nominal thickness
L,=N,qa. Similarly, in the one-dimensional case
we suppose A contains exactly 91,97, infinite linear
chains arranged in rectilinear array to form a
simple cubic lattice of nominal cross section L, XL,
=N,aXN.a. The case in which the boundaries of
A are not oriented parallel to the primitive lattice
vectors and in which the lattice is not simple cubic
involve no new difficulties of principle but, clearly,
lead to some geometrical complications. The
meaning of a “slice” subdomain T" containing 9UT")
spins remains as illustrated in Fig. 1.

To apply Bogoliubov’s inequality (1.7), we choose

C=0; S*F)g®), g@=u)e'*F (2.2)

in which k is arbitrary, We will first present a
simple form of the argument which does not utilize
a “corridor” - that is, a region surrounding the
subdomain I' in which #(F) drops slowly to zero (see
Sec. III of I). The somewhat more elaborate analy-
sis allowing for a corridor will be presented for
nearest-neighbor interactions following Eq. (2.51);
the resulting, numerically better bounds will be
discussed in Sec. V. For the present, therefore,
we consider

u@)=1 for¥T T
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=0 otherwise . (2.3)
With this choice we find

([[ C, J'Cﬂ], CT]> =%Z:i’ Ei" J(.f, F,) lg('f) - g(f') Iz
x [(S*E)SE) +(S*F)S*F")) ]
+20e |&@)|¥[n, FXS*F))

+h, (NS (F))] (2.4)

where (.) denotes the statistical expectation value
calculated with 3¢;. Now use of Schwarz’s inequality
yields
(S¥S3) + (S7S8) < |I(S7€,+ Si€,) - (S3€,+ S3&,)lI
SIS+ (SDRNM2I(SE + (SP2I1M2
<SP+ 82, (2.5)

where &, and &, are orthogonal unit vectors and Il - I
denotes the spectral norm of the operator, i.e.,
essentially the modulus of its largest eigenvalue.
Then by using a representation in which §? and $*
are diagonal we see that

1(5)% + (S*)?Il = max{S(S+ 1) — (5%}
Sl

=F=5(5+1) for S integral

=S(S+1)- 3% for S half

odd integral.
(2.6)
Combining these results in (2. 4) yields
(lC,5¢q), CD < 3827 : Xy |IF, T |2F) - 2|2
+ 23 | g @) | Ar EUS* @) + by (EXS*EN] .

(2.7)
Next we choose
A=2; Lafr@e T RSHS® ,  (2.8)
where f(¥) is arbitrary apart from the restriction
|f@]=1 for ¥CT
=0 otherwise (2.9)
Then with [see (1. 5)]
n{ ft=no{f| T}
=t 2 2 FrENSENS EDS ED
(2.10)

[which is in accord with the definitions (I2.19) and
(12.23)], we obtain for the Bogoliubov numerator

[qC, ADP =@ n{ f1-n{fe'®HE . (@.11)
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Now we introduce specific wave vectors appro-
priate to the lattice contained in the box A, namely,

k= (ki, k)= (r,; 271,/L,, 271,/L,), d=1
= (kll,x’ ku,ys ZWZ:/L.:) , d=2,

where K is restricted to the first Brillouin zone of
the simple cubic lattice, i.e., k, is a continuous
vector with

]k..,al <n/a ,

(2.12)

a=x,9, (2.13)

and
1,=0,1,2,...,7,-1,

Then, defining the number of sites in a cross sec-
tion of A by

a=y,z (2.14)

N,=M9, , d=1
=N, , d=2, (2.15)
we have, for all sites ¥ and ¥’ in A,
n2g (@/2m)? [ K, e’ =gy o, (2. 16)

where 63 » is the Kronecker 6 function.
We will integrate the whole Bogoliubov inequality
(1.7) subject to

E_LEO and KSIE"ISKTS‘IT/a .

Nonpositive terms on the right-hand side and non-
negative terms on the left-hand side of the inequality
may be integrated over all E“ and further summed
over all El, since these operations can only
strengthen the inequality. .Now the left-hand

side L(k,,K,) is intrinsically positive, and so on
extending the sum we obtain

L=(a/27)* j dk, L(&,, 0)

S, 2. 2L 2 FAROFRIS @S R)S' RS ()
fcI Rcr Rer
+(S* RS- F)S* @S R)]
where the subscript x denotes integration subject to
(2.17). By use of the spin commutation relations
this reduces to the sum of the two terms

Li=:,2, 2. 2. f*R)f®)

#cT Rer Rer

(2.17)

(2.18)

X (ST RN[S* @)L+ [SOPIS-R) , (2.19)

Ly==91, Zr chr (S*(F)S,(R)S-(F)) . (2. 20)
Both these terms are of the form

x'vx) <lvlIKx'x) (2.21)

where the inequality is easily proved, for example,
by expanding in terms of the eigenvectors of Y.
The first term L, may thus be bounded by using
(2.5) and the second L, by noting that || - S*|[=S
This finally yields the inequality
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L&D Pr{f}+ o SUT) 2 [(S*(E)) + 57

<o (D) P[S%{ f}+ S (82 + 8)] (2. 22)

where we have used the identity and inequalities
(51S7) =(S(5+1) = (S7)*+ S%)
<SP (SEY<E+S .

Since there is particular interest in results for
nearest-neighbor models, and since the arguments
for long-range interactions are somewhat more
elaborate, we analyze the right-hand side of (1.7)
first for nearvest-neighbov intevactions and, as
mentioned, without the introduction of a corridor.
Note that the analysis of the left-hand side and of
the numerator of the Bogoliubov inequality (1.7)
[see Eqgs. (2.8)-(2.23)] is quite independent of the
choice of () outside I', and hence of the presence
of a corridor. In this case we have

J(E, F)=J(E;3)

(2. 23)

- >

if ¥ and ¥/ =7+ 6 are
nearest neighbors
=0 otherwise . (2.24)

Now to simplify the first term in the bound (2. 7) for
the double commutator, we note that

lg@) -g@ = neither ¥ nor ¥’in I'
=|e® & _q(2 Fand F'both in T
=1, only one of for ¥'in T
(2. 25)
Furthermore, we have generally
|e®% - 1|2=4sin%(1k - 3)
=2[1-cos(k-3)]<(&-3)% . (2.26)
If 5 is a nearest- -neighbor vector, i.e., 5= Em

=+aé, (a=x,y,2), then K.5= kya. In order to uti-
lize (2 25) we split the double sum over ¥ and 7'
in (2. 7) into three pieces:

(i) an 1dent1ca11y zero contribution from terms
with neither T nor r’ in T

(ii) “bulk” contribution Ul(k) from terms with
both T and ¥ in T

(iii) a surface” contribution Uz 1ndependent of
k from terms with only one of ¥ or ¥’ in T,

Now the sum defining U, may be decomposed into
sums over nearest-neighbor bonds parallel to the
x, v, and z axes., We can then define correspond-
ing mean nearest-neighbor coupling stvengths by

J £= [ ZZIJ(r 54)| (2.27)

where 3a= +a8, (a=x,y, or z). Then if the over-
all mean neavest-neighbov coupling, which will
provide our basic measure of the interaction strength,
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is defined by

Jp=max{Jg} , (2. 28)
[+7
we find, using (2. 26), that
U, &) < SPUT)T k%6 . (2. 29)

It is clear from (2.27) and (2. 28) that in a uniform
lattice one simply has Jr=|J|. If, in a nonuniform
lattice, one has a uniform bound |J(F,F’)| <J; for
¥, ¥ in I, one may replace Jr by J in (2. 29) and
all subsequent formulas. We may also remark
that, since ultimately we will only need (2. 29) in
the case where k, =0 [in accord with (2.17)], we
may restrict o in (2.28) to a=x ford=1and a=x
or y for d=2.

To simplify the surface term U, we define the
number of nearest-neighbor bonds crossing the
boundary or “surface” of I by

mA=Z Z 1,

T $+8cQ-T

(2.30)
and the corresponding mean coupling strength across
the surface by
Ja=@) Y L I .
T _ .8

F4+0C Q=T

(2.31)

The surface contribution to the double commutator
is thus

(2.32)

Again, in a uniform lattice we have J, = |J|, while
a bound |J(¥,#’)| <J, on the “surface” interactions
enables one to replace J, by J; in all the following
formulas. On combining terms, the relation (2.7)
now yields

(lc,3eq], CT) < S ouT)a®[K2 2]

Up=S%9,J, .

(2.33)
where

@ = (7 o/J )T /UD)]+ (1/T: 52, T}, (2.34)
in which

2 2 =[@] 2 [hEXS ) + hy(FXS*E))]

fc=

(2. 35)

as in (I 3. 11).

Note that if T'=§, the first term in (2. 34) van-
ishes identically since 91, =0. Furthermore, if the
transverse magnetic fields vanish, we have

A=0 for T'=Q, h,()=h,(F)=0. (2.36)

More generally, note that the first term will vanish
as 9(T") - «, as it is essentially a surface-to-volume
ratio. However, unless the transverse fields be-
come uniformly small in the subdomain T', the sec-
ond term in (2. 34) can remain finite. In what fol-
lows, we shall gssume, unless explicitly stated other-
wise, that the transverse fields in T', if present, are

R | 911
reduced to zero rapidly enough to ensure that
A=0 as ()= . (2.37)
By (2.11) and (2. 33), the right-hand side of the
Bogoliubov inequality (1.7) thus satisfies
= o WUDRT [n{f}-n{fe'* FP
> ‘B
R(k,,k,)2 I PLIY . (2.38)

Integrating this inequality subject to (2.17), we find

R= (a/ZTT)d f“ dk.n R(E", 6)
Bl
2 BT 2t A atrte, ) - 20 G, 0]
sera
where the positive term involving n?{ fe'*'¥} has
been dropped. The integral I(k,2) is defined by

I, 2) = (2m)* | dk,/(F2+ ) . (2. 40)

(2.39)

Its explicit value and its behavior in various limits
are given by formulas (I3.22)-(I3.24). (These
forms will be introduced when needed.) The second
integral in (2. 39) is

T, 2)=(a/2m)? [ dk, n{ fe'* T/ (42),  (2.41)

which may be bounded (as in the Bose case) by (i)
noting that #{- } is non-negative; (ii) extending the
integral to all k, after removal of a factor (k*+2)™;
and (iii) summing on all K, and using (2. 10), (2.16),
and (2.23). This yields

e, ) < B+ 012 (a/2m)° [ dis, n{fe'* 7}
k_L K
<M, (k2+ 2) D) 2 (S*(F)S-(F))
Fcr
<9, (k?+ NS+ ME(D)] (2. 42)

where we have introduced the mean magnetization
in T" defined by

ME(T)=[9y(r)]™* é(s«f»n . (2.43)

On using (2.42) to strengthen (2. 39) and combin-
ing with the first part of (2. 22), the integrated

form of Bogoliubov’s inequality for a spin system
becomes

NSRS { f}+ )+ SME(TD)]2 ?’i—}’r%z 2 f}a’1(k, )

= 2] 13+ M) [S+ MED))) . (2.44)

Collecting terms and transposing yields

q q
w2[1+ m(r)(}czn)]ﬂu m(zr)zqoz(x,x)\lf‘, (2.45)
where
4o = (kpT/Jr)a®?/5',) , (2. 48)
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qy= (kT /Jr)(2/5a)[SE+ MET)] (2.47)

a5 = (S/)[S*+ M&(D)]
and where

V=% { f| T}=n{ f}/o0(r)
=(|ou(r)-! Zr @S @)|?q

(2.48)

(2. 49)

as in (1.5). The inequality can be linearized for
&=, as in the Bose case, by noting that if &, is the
positive root of the corresponding equality, then
¥2<g,. If, in addition, we simplify the root &, by
using (1+¢)2<1+ {¢, we obtain

2 <« 41(x) gz
U= e * 0w (2. 50)
where
¢ X)=1+q,/X, X=9T)K?+2) (2.51)

which may be compared with the Bose result (I 3.44).

We now show how the above analysis must be
modified if one introduces a corridor surrounding
T in which «(F) decreases “smoothly” to zero [in
contrast to the choice (2.3)]. The final result (2. 50)
is again obtained but with somewhat different ex-
pressions for the parameter X and for the constants
dos 91, and g,. The dependence on 9U(T") of the
bounds on the order is not affected by the introduction
of the corridor, but'the change in the definition of
A will lead to an amplitude with a more favorable
temperature dependence, particularly in the d=1
case; the relative gains are discussed in Sec. V.
We remark once again that the introduction of the
corridor affects only the estimation of the double
commutator in (1.7).

The corridor A, containing 91(A) sites, surrounds
the subdomain I" and is defined simply as follows. ’
Let Aj be the set of sites on the boundary of T'
(boundary sites are in I" but have neighbors in € not
in T'). Let A, be the set of sites which are nearest
neighbors of the sites in A, but are not in I'.  Sim-
ilarly, let A, be the set of sites which are nearest
neighbors of sites in A;, but are not in A, or A,.
Continue similarly for v “shells” ending with the
set A,. The case of no corridor corresponds to
v=1 and has been treated above. Now define the
corridor A by

A=AUAUA;---UA, ), v>1

Furthermore, we make a new choice for the function
(%) introduced in (2. 2):

(i) u®=1 for FCT
(ii) =0 for F¢ruUA
(iii) =1—(p/v) for ¥CA, (p=0,1,...,v) .

(2. 52)
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By construction we then have the property [see after
(13.33)]

Au(F;8)= |u@) - u@+8)| v for FCQ , (2.53)

which will enable us to bound the double commutator
in (1.7).

Now Eq. (2.7) is still valid, and itwill be evaluated
in a fashion similar to the method used in deriving
(2. 26)—-(2.32). (Nearest-neighbor interactions only
are considered.) Firstly, the double sum in (2.7)
is divided into three contributions: (i) an identically
zero contribution from terms with neither ¥ nor ¥’
in TU 4; (ii) a “bulk” contribution from terms with
both ¥ and ¥’ in T'; and (iii) a “surface” contribution
from terms with either T or 7', or both, in A, By
using (2.52), (2.53), and (2.26) we find, for ¥’
_7+3,

lg@) - g@E|2= |u@) - u)e' ¢ |2
= [u@®) - u@) - u@FNe* - 1)
< ul@) - u@)]?+ ]u(f')]ale"i's— 1]2

< AWR(E; B)+ (ka)? (2. 54)

The double sum thus yields an “extended” bulk con-
tribution bounded by

U, &) <SPUTUA) 4 (Ra)?

where Jpy, is defined by (2. 27) and (2. 28) but with
T replaced by TUA. The appropriate generaliza-
tion of the “surface number” 9%, defined in (2. 30)

is (for v#1)
Np=322231;
Ap(F;B)#0
this is simply the number of nearest-neighbor bonds
along which the function «(T) changes. The generalized
“surface exchange” may then be defined (for v#1)
by

JA=31£1 Zf 23 L.

Au(#5)#0

(2. 55)

(2.56)

In the no-corridor case v=1, these definitions
should be replaced by (2.30) and (2.31). The origi-
nal treatment of the magnetic field terms in (2.7)
needs no alteration, so that the double commutator
is finally bounded by

([c,300], CM S BT (T UA)E 2+ 2], (2.57)

where

ax= V-Z'le[mA/m(rUA)] + (1/JFUA§2)H{HL; ruA},

with

1= a/Irua - (2. 58)
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The definition (2. 35) for H{.} still applies but the
generalized definitions (2.55) and (2. 56) must be
used for 9, and J, in (2.58). We may note that in
the special case v=1 (no corridor), the results
(2.57) and (2. 58) simply reduce to (2.33) and (2. 34).
When I'=§, we set %, =9(A)=0 as before.

Since the structure of the new equations (2. 57) and
(2. 58) is identical to that for the no-corridor case
(v=1), it is easy to see that (2.51) again follows, but
with new definitions for the constants, namely,

go= (1 = V) (kT /Jrua)a®?/5'7,) , (2.59)

a1= (1= y)kpT/Jrus)2/5a®[5+ ME(D)], (2.60)

g3= (/598 + M&D)] , (2.61)
with

y=91(A)/9UTUA) . (2.62)

We remark that in order to prove the absence of
ordering, we must have A -0 as 9U(T") -, Again,
we will assume that the transverse field 7, becomes
uniformly small in I', so that the second term in
(2. 58) does not remain finite. Note that y is es-
sentially a surface-to-volume ratio; it will be nec-
essary that v [and hence 9(A)] be chosen in such
a way that the first term in (2. 58) vanishes as 9U(T")
becomes large. This implies that the constants
do» 41, and g, approach limits as 9U(I") - ©, These
are sufficient conditions for the absence of order to
be proven.

III. LONG-RANGE INTERACTIONS

In this section we consider spin-spin interactions
which are not restricted to nearest neighbors but,
rather, may be of infinite range. Our aim is to
rederive the basic inequality (2.50), established in
Sec. II, in essentially the same form but with suit-
able modifications of the definitions of Jp, J,, A
and I(k,)), etc. The reader uninterested in the
technical details may glance at the final result,
(3.34), and then proceed to Sec. IV, where the basic
inequality is analyzed to yield the desired bounds
on the order parameters and correlation functions.

We remark at the outset that one of our main in-
terests is in the rate of decay of J(¥,7’) as |F- 7'l
-, needed to ensure the absence of long-range
order. Accordingly, we will be content in a number
of places with less stringent estimates than obtained
in the corresponding formulas for nearest-neighbor
interactions. In particular, no corridor will be
introduced. Furthermore, for convenience, we will
consider only slice subdomains T that are bounded
by planes parallel to the primitive lattice axes;
specifically, we suppose

d=1: T={F;TCQ, 0<x<a} ,

b

(3.1)

d=2: T={F;7CQ, 0<x<Ja, 0<y<Na},
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where 9, and 9, are integers. (No confusion can
arise with the dirllensions of A.) To match the dis-
tinction between k, and k, we also write
r= (Fus F.L), with T,= X, d=1
=(x,y), d=2. (3.2)

In addition, it is convenient to define the local thick-
ness or cross section of the system, that is, the
number of sites in Q with the same fixed T,; ex-
plicitly this is given by

s,'l‘d(Fn)=Z 1<%, .
2y
Fc

(3.3)

Then we may define the projected interactions
IR =[Gt L IR .
* R

#,P+RCQ

(3.4)

It follows from the restriction ]:,_= 0, to be imposed
later in the analysis [see (2.17)], that we need con-
cern ourselves only with these projected interactions.
We may note that (a) for a system with only constant
neighbor interactions J, we have J*(f,, R,)= |J| when
'ﬁ,. is a nearest-neighbor vector but J* =0 otherwise.
In the case (b) of a nonuniform system in which there
is, nonetheless, a uniform bound

JET+R)=JFR)SI(|R]) @uF,R) , (3.5)

such that J(R) is monotonic nonincreasing as R in-
creases, one may use |(R,,R,)| 2 |R,| and (3. 3) to
show that

J'(ﬂ;ﬁu)ima‘]o(lﬁul) (3.6)

Now, as in Sec. II, we split the double sum in
(2.7) into three pieces: (i) the vanishing contribution
from terms with neither ¥ nor ¥’ in T'; (ii) the
“bulk” contribution U, (E) from terms with both ¥
and ¥’ in I'; and (iii) the “surface” contribution U,
from terms with only one of ¥ or ¥’ in I'.  To bound
U, (k) we extend the sum on T’ in (2.7) to the whole
lattice in @ and use the second part of (2. 26), which
yields

U, & <8 2 JE;R)1-cosk-R)] .
L, B :

T+RCQ

(3.7
If we restrict ourselves to k= (EI,, 5), we may use
the definition (3.4), and thence obtain

U, (En, 6) < Sem(r) Zi’" Jr(ﬁn)[l - COS(E“ g ﬁu)] s
(3.8)

where the mean projected coupling energy is defined

by
Jr (ﬁu) = [fﬂ(r)]'l }Zr sRa(‘fu) Jf(ful; ﬁu)

=[]t 2 2 |IER)| . (3.9)
Bl ﬁ_"

F+RCQ



914 M. E. FISHER AND D. JASNOW 3

The notation #,CT" used in the first line of this re-
lation and in various places below indicates that
Ff,=x or (x,y) (for d=1 or 2) runs over all values
lying in the projection of T onto the x axis or onto
the (x,y) plane, respectively [see (3.1) and (3. 2)].
From the previous remarks we see that for (a) con-
stant nearest-neighbor interactions, we have Jr(R,)
equal to |J| for nearest neighbors (but vanishing
otherwise), while in the case of (b) a nonuniform
lattice with a uniform monotonic bound, we have,

by (3.6),

Jr‘(ﬁn)=md‘]0(l ﬁ”] ) 3
so that J; may be replaced by 9,¢J, in (3. 8) and all
subsequent formulas. [Of course, the average (3.9)

may be bounded for all I" even if there is no uniform

bound Jj. ]
Finally, it is convenient to introduce the d-dimen-

sional Fourier transform

(3.10)

jr‘(En) = _.Z COS(E" : ﬁu)Jr‘(ﬁu) s (3.11)
R”$0
in terms of which the desired bound is
U, &,, 0) <SP 0) - S &,)] . (3.12)

This may be compared with (2. 29), to which it re-
duces for nearest-neighbor interactions and small
k. We will assume that J.(3), and hence Jp(k,)
exists; this is a weak assumption, not sensibly
stronger than the stability condition needed to en-
sure the existence of a proper thermodynamic limit.
From the result (3. 12) we will be able to prove that
long-range order is_absent whenever [JI.(T)) - :fl,(k")]'1
is not integrable at k;=0.

In order to preserve the analogy with the nearest-
neighbor case as closely as possible we introduce
an effective wave number K(k,) by writing

S 0) - Sr(&,)< @) T 0K (&, | )a®

where we may suppose that K(IK,|) is chosen to be
real, positive, and monotonic nonincreasing as IE“I
decreases. As |K,| -0, we want K(|k,|) to be the
best possible such bound. It is then clear that

(3.14)

(3.13)

K(|&,])~0 as |k,|~0.

Furthermore, if the mean interaction J;(R,), de-
fined in (3. 10), decreases sufficiently rapidly that
the second moment

2z, (| Rl /aPsr®,)= 1252 0)
is finite, it is straightforward to show that we may
take

K(IEII l )= (#z)l/zliu‘

This justifies the notation and shows (since only the
small-l?,, behavior matters) that the nearest-neigh-
bor case is typical of any interaction with a finite
second moment.

(3.15)

(3.16)

Turning now to U,, the surface contribution to the

double commutator, it is easy to obtain the bound
U, ngmd 2 Z‘ Jﬂ(l"n;ﬁu) (3.17)
f‘”Cr' Ry
'i‘"-rﬁ"f Q.-T

in terms of the projected interactions (3.4). Quite
generally, U, vanishes if I'=Q. Now consider first
the two-dimensional situation. For fixed R, = (X, ¥)
= (la, ma) there are 91, different values of T, for
which the vector from ¥ to ¥+ R “crosses” one or
other of the two bounding X planes x= 3a and
x=(9My+ 3)a. However, at most 91,9, of these cross-
ings are allowable since T, must remain in T
(strictly, in the projection of I'), Thus, if we set

Vr}"(ﬁn):l
::ERX

for |X|=Ila<9a

for |X|=1a2%ya , (3.18)

with a_.similar definition of V{(ﬁ,,), there are a total
of v¥(R,)91y allowable possibilities. We may then
define an avervage X-suvface intevaction by

Jx(ﬁu)= [Vg(ﬁn)my}_l _ZXJ”(Fu}ﬁu) ; (3.19)

Ty
with an analogous definition for Jy(ﬁ.,), where the
superscript X indicates that the sum is restricted by

x+X>9ga or x+X<0 . (3.20)

The total contribution to U, from such surface-in-
teraction pairs is then bounded by summing over all
R,, which gives

Ug{sszmdmlfz erg(ﬁu)'jx(ﬁu) .

B'Il

(3.21)

If we combine this with the analogous U} term, we
will actually overcount all those interactions for
which the vector T to T+ R crosses both an X and a

Y plane. We can write the final bound as

U, <S%,J, (3.22)
where, now,

My =20, +Ny), d=2 (3.23)

while the mean surface moment of the interactions
is

Ja= max {32 R RIPR)} . (3. 24)

B=X,Y¥ R,

In the case of nearest-neighbor interactions these
results reduce effectively to the previous bound
(2. 32); if (a) the nearest-neighbor interaction is
constant at J, we have, as before, J,=1J|. For
(b) a nonuniform system with the uniform monotonic
bound (3. 5), we find, using (3. 6), that

Jp < %deﬁ” V}r‘{(ﬁn)‘jo([ﬁu [)

<39, 2, (| Rl /) Io([Ra ) - (3. 25)
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The last expression is just proportional to the first
moment of the bound Jo(IR,!). Either of the esti-
mates in (3. 25) may be used in place of J, in the
subsequent work; in particular, the first bound may
be useful when the full first moment does not even
exist.

In the one-dimensional situation (d=1) the cor-
responding analysis is simpler since only a single
pair of surfaces (X planes) arise, and there is no
overcounting. The relations (3.19)-(3. 21) then still
apply if, as is natural, we simply set Ny=1. The
final bound (3. 22) remains valid if we now take

d=1 (3.26)

while (3. 24) applies with 8=X, and (3. 25) is correct
as it stands. (In all d=1 cases the sums on ﬁ,. are,
of course, purely one dimensional.) When I'=9Q,
we may set 9, =0 for both d=1 and d=2.

We are now in a position to write down a complete
bound for the double commutator to generalize
(2. 33). By combining (2.7), (3.12), (3.13), and
(3. 22) we obtain

([ c,300), C'D = (2d) 1S 3T L @YUT K (k) + 2]
(3.27)

mA= 25)1,, s

where, to replace (2. 34), we have

@@ = [, /o0(T)] + [2d/5 - (0)S*H{R,; T}, (3.28)
in which [in place of the definition in (2. 58)] we have
g =J,/@d) T 0) , (3.29)

which should also be compared to the ratio J,/Jr
in (2.34). The symmetry-breaking field term
H{fi,; T} is still defined by (2. 35). Again we assume
that as N - « this term vanishes as fast as the first
term, i.e., as fast as 91,/9%T) -0, unless this ratio
vanishes identically because I'= Q.

On integrating the right-hand side of Bogoliubov’s
inequality (1.7) subject to (2.17) and dropping a
positive term as before, we find

R= (a/ZW)d j; dl?"R(E,,, 6)

N deBTm(r) [nz{f}a"y(rc,k)— Zn{f}(ﬂ(x, )\)] .

= a*$JL(0)
(3.30)
In place of (2.40) we have the integral
5("7)‘):(27’)-’1]‘; dEu/[Ka(liul)"' Y (3.31)

whose divergence as k, X -0 will have to be ex-
amined in more detail. For the second integral we
have

8(1{, A)= (a/z'ﬂ)d j'; dﬁnn{feii f‘}/[Kz(lEu l )+ )\] 3
(3.32)
which, by following the steps used in analyzing
(2. 41) and recalling the monotonicity of K(Ik,!),

915

is shown to satisfy
Ik, N) SRLKP (k) + 2] S2+ MED)] (3.33)

where M§(T") is still defined by (2.43). Continuing
the previous arguments, we finally obtain

q x) 92

T 2l 0 GRD) - (8.54)
where, as before, ¢,(X)=1+q,/X, but now

X=9(T)K>(k)+12] , (3. 35)
while

go=[2drs T/ ®))a*?/3*0,] , (3. 36)

1= [2dk,T/F (0))(2/a?8[$*+ MET)],  (3.37)
and

gz= (S/8) &+ ME(T)] . (3.38)

Note that with the substitutions J(0)/2d= Jr (or
Jrua With the inclusion of a corridor), K (k)= «?,
and g (k, \)=I(k, ), these expressions are identical
with (2.46)-(2. 51) [see. (2. 59)-(2.61)].

IV. ANALYSIS OF BASIC INEQUALITY

In this section we derive the results for spin sys-
tems quoted in the Introduction from the basic in-
equality (3. 34) [or, for nearest-neighbor interac-
tions, (2.45)]. We will be interested in the thermo-
dynamic limit in which Q) -, For the existence
of this limit the interaction potentials and the ex-
ternal fields (even if random) must satisfy certain
uniformity and regularity conditions. 8 We need not

- enter into these in any detail but we will assume,

first, that the domain @ and the subdomain I" have
regular shapes as9(Q2) and 9%(T") become infinite, in
the sense that their (d-dimensional) “surface” re-
mains of order [91(R)]-/¢ or [JUT)]-V/¢ relative to
their ‘“volume.” Secondly, we suppose that the
basic averages of the potentials Jr®,), JXR,), and
JY(R,) and the transform Jr(k,), defined in Eqgs.
(3.9), (3.19), and (3.11), approach definite limits
as 9(T") - ». Similarly, the magnetization M§(T)
may be assumed to approach a limit for large  and
I'. Then from (3. 36)-(3. 38) [or from (2.46)-(2. 48),
or (2.59)-(2.61)] we see that the parameters g,
¢,, and g, approach limits. We will not distinguish
these limits by any special symbol since the context
of each formula will make it clear when the limiting
values are required. As regards the transverse
fields we may, for concreteness, assume that
@) = by (F) + iy (F) = e’ B P 4.1)
where &, and K are fixed. We could, with no dif-
ficulty, however, consider, for example, randomly
varying fields of given statistics provided their
over-all average magnitude could be bounded by
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some amplitude parameter, which might then be
called 7,.

Having disposed of these preliminaries, we turn
to the main task: First we treat the case where I
is chosen to be 2 in order to prove the absence of
total order in the thermodynamic limit and to show
how the long long-range order® vanishes as N(R) be-
comes large.

A.T=Q

In this case A is null and there are no corridor
“surface” terms for I', so that9l, and N(A) are to
be set identically zero [see after Egs. (2.35), (2.62)
and (3.26)]. Hence (3. 28) represents all cases.
Only the external transverse fields b, = (,, hy) con-
tribute to A, so that by (3. 28) [or by (2. 34) or (2.58)
with Jp= J.(0)/2d] and (4.1),

A=[2d/J -(0)32a?]H{h,; Q}
<[4ds/Jr 0)3%a?] | n,|

where we have used the trivialbounds [{S*(¥))|,
1{(S*(¥))| <S. There are two possibilities we may
consider.

(4.2)

1. h, Fixed, N(Q) -

This is the situation which may be analyzed in
closest analogy to the original treatment of Mermin
and Wagner. '° By (4. 3) and (2. 35) it is clear that
A-0as |h ] -0, but that A will not vanish unless
h, does. In the thermodynamic limit the order pa-
rameter approaches a limiting value, i.e.,

‘I’n{f' 9}"‘1’0 (f)(h.!.) ’ N(Q) = o

with an obvious extension of the previous notation
[see (I 2.16)]. If, in the basic inequality (3. 34) [or
(2.50)], we now choose k=0 and keep k' constant

as 9 (Q) - «, we obtain

[‘I’a(f)(hl)]z < 1/40 5(0, A) ) (4. 4)

where, in (3.35), we have X -, and where, by
(3. 31),

(4.3)

ot-d [kt

d-1
9(0,))= — L

ROBY (4.5)

d=1,2 .

Thus, if 9(0, A) diverges to infinity as A -0 (as

|k, | -0), the inequality (4.4) implies the vanishing

to the “total” long-range order, that is,
V)= lim  ¥y,(h,)=0. (4.6)

1hil=0

Evidently, the divergence or convergence of the in-

tegral (4. 5) is determined by the behavior of K(&)

for small k.

If (a) the mean projected interaction Jr(R,)=Jo(R,)
has a uniformly bounded second moment as () -«
[see (3.15)], as is certainly so for nearest-neighbor
interactions, we have K(2) ~ ud’? [see (3.16)]. The

M. E. FISHER AND D. JASNOW 3

reduced second moment u, is defined in (3. 15) and,
in accordance with our remarks at the start of this
section, approaches a limit as 9U(Q) - «. (For
nearest-neighbor interactions, u,=1.) Then as

A -0 we obtain

9(0,2) = (FPun) V2 tan " (« ul/2/212) | d=1
~(1/47p) In[1+(Puy/N)],  d=2. (4.7)

[Compare with (I 3. 22). ] Clearly 9(0, \) now diverges
as [k, | -0 and the result (4.6), expressing the
vanishing of the total long-range order, follows
whenever the dimensionality is restricted to less
than three.

More generally, (b) suppose that J.(R,) does not
have a finite second moment but that, for example,

(4.8)

It is not hard to see that the integral (4. 5) defining
9(0, 1) will still diverge at its lower limit when X -0.
This means that even for interactions decaying as
R~ » ag slowly as!

Jr(R)=C,In(R/a)/R?, d=1
~C,/R* , d=2

K(k)=c,k%Ink as k-0 .

(4.9)
(4.10)

the vanishing of the total long-range order ‘I(Sm
can be proven. Neither of these functions has a
finite second moment [in the appropriate sense,
(3.15)], and the function (4. 9) for d=1 does not even
have a finite first moment. Other, even more
slowly decaying examples can be found; the main
point is that the absence of long-range order can be
established whenever 9(0, ) diverges as A -0 or,
equivalently, whenever [J;(§) - J-(k,)] is not in-
tegrable at k,=0. The same conclusion will hold
for all the forms of order we will investigate. 12

We may, to answer the fundamental question
raised in the Introduction, avoid altogether the case
of a symmetry breaking field; thus we consider
the second possibility.

2. h, =0

In this case X =0 and the basic inequality (3. 34)
becomes, with X = x?9(R),

1
T2 < —
@ qog(K, 0)

[ & 9
“u%mj+%ummr @.1)

Suppose again in the first place (a) that Jp(R,)
=Jg(R,) has a uniformly bounded second moment
(3.15). Then from (4.5) and (3. 14) we find'® as
k=0

Ik, 0) ~(1/mp) (™t = k™), d=1
(4.12)

=(1/2mu,)In(k’/x), d=2 .

[Compare with (13.22).] We are now free to choose
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the lower cutoff k as a function of 9U(Q) in such a
way as to yield the best inequality. Consider first
the case d=1 and, tentatively, ignore the second
term in the inequality (4.11). By minimizing with
respect to « at fixed 91(Q) we find the optimal choice
is

K2=q,/RQ) , (4.13)

up to a correction factor {1+ O[1/k'9/23(Q)]}. For
fixed k' this correction term can be neglected for
large N(Q). Thus, 9(k, 0) may be maximized by
choosing k' in (4.12) as large as consistent with
(2.17), namely, «'=71/a. Use of (4.13) now yields

g(xX)=2 , (4.14)
and thence, from (4.11) and (4.12),

1/2
[\Pn{flﬂ}]ziﬁg)]ﬁwaqu, d=1. (4.15)

Asymptotically as %(Q2) - « the second term is neg-
ligible and ¥,{fIQ} must decrease at least as fast
as [91(Q)]-"/*, which indicates how the long long-
range order® falls to zero. If the thermodynamic
limit is taken with f(¥) =1, we find directly from
(4. 15) that ¥ =0, where

¥i= lim R@)FL T opF, T,
NUQ)~ fcQ McQ

(4. 16)

so that ¥, is the limiting mean-square total mag-
netization per spin. [Compare with (I2.16).] Of
course, (4.15) is more general in that, for example,
if we set

f&)=e'%'F with aky=(m, 7, 1) , 4.17)

then ¥, represents the mean square sublattice
magnetization for simple antiferromagnetic order-
ing which must also vanish in the thermodynamic
limit. Other forms of ordering are ruled out by
appropriate choice of f(r) [subject only to the origi-
nal condition [f(¥)|=1].
The same choice (4.13) is quite satisfactory for

d=2, where it leads to'®

< 8m 34
R e e A RETOR

d=2 .

(4.18)

Again the first term dominates asymptotically as
9(Q) - », and we conclude that ¥, must fall to zero
but, possibly, only as slowly as [In9t(Q) /2. However
this is still sufficient to prove that ¥, and its gen-
eralization ¥o{ f12} vanish in the thermodynamic
limit. A numerically better bound results by choos-
ing k"= 7/a and k? «[In9U()]/9(Q) in place of (4.13).
This choice reduces the factor 8 in the first term
of (4.18) to 47; this detail, however, is immaterial
for the present purpose.

When (b) the second moment as measured by u,,
is not finite, we may still establish the vanishing

of ¥, provided 9(k, 0) diverges to « as k -0. As
before, this will be so whenever [J.(0) - J(k,)]!

is not integrable at E,.= 0. In particular, interac-
tions decaying as (4.10) or faster are still covered.
However, the rate at which the long long-range
order can be shown to decay to zero will now depend
on the rate of divergence of 9(x, 0) and will neces-
sarily be slower than when u,< o,

Lastly, it should be noticed that if transverse
magnetic fields like (4. 1) are present in Q but are
reduced uniformly to zero as 9(Q) -, the results
¥ =0, etc., remain valid. Proofs similar to the
above go through in this (particular) thermodynamic
limit. All the arguments are quite independent of
the magnitude of any longitudinal field ,(¥).

We turn next to the case where I'" is a proper,
slice subdomain of Q@ (i.e., T'#Q).

B.I'CQ

The analysis must be modified slightly now since
A does not vanish even in zero transverse field,
h,=0. Rather, as can be verified from (2. 34),
(2. 58), and (3.28), A contains a surface term
pi(l=y)v¥n,/aT)], where v=1, y=0 in the case
of long-range interactions, and p, is given by (3. 29).
In the nearest-neighbor case we have

pr=da/Jr

=d,/Jdr,s for v>1 (corridor A),

for v=1 (no corridor)
(4.19)

where the appropriate exchange constants are de-
fined by (2.27), (2.28), (I'=TUA for a corridor)
and by (2.30), (2.31), or (2.55), (2.56). The sur-
face term allows for the propagation of order into
the subdomain I'" from the rest of the system.
Nevertheless, as T becomes large [0(I") -], wewill
have 91,/9UT") - 0 in accordance with our assumptions
on the shape of T' [see (2.30), (2.55) for fixed v,

and (3.22) and (3.26)]. Thus, provided the moment
u,; remains bounded [see (3.29), (3.24), and (4.19)],
or does not increase too rapidly, and provided the
transverse fields vanish in I', we will still have

A =0 as (') - o, If the transverse fields in I" are
not zero, we will assume that |, | is reduced to
zero sufficiently rapidly that the first (surface) term
in (2. 34), (2.58), and (3. 28) dominates as 9(T") be-
comes large. We stress, however, that {ransverse
(symmetry-breaking) fields outside T' (for example,
in the corridor, should there be one) are allowed
and will not effect the proof that the order inside I
must decay to zero.

Since x does not vanish for finite 9U(I"), we may,
with no loss of generality, choose k=0. The upper-
cutoff k' and the corridor width v (in the case of
nearest-neighbor interactions) are still disposable
parameters.

1. d=1
For simplicity let us start with (a) the situation
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in which the (projected) interactions have a uniform
monotonic bound Jo(lﬁ.. |) which has a finite second
moment.'* By (3.10) and (3. 15) this implies that
Ly is uniformly bounded and by (3. 25) and (3. 29) the

same holds for the “surface moment” n,. Using
(4.7) the inequality becomes!®
zq (X)},LI/ZAUZ q
v 2 < 1 2 2 .
[¥o{rIT} 2oL/ tan (T EE 73] * 7, 09UT)
(4. 20)

This inequality is optimized with respect to k' by
choosing ' as large as possible, i.e., k'=1/a.
(This contrasts with the more complex k' optimiza-
tion in the Bose case; see Sec. IV of I.) Suppose,
first, that in the nearest-neighbor case we fix the
corridor width v. Now, since pu, is uniformly
bounded, we find from (3. 26) and (3. 28) [or (2. 55)
and (2. 58)] that

x=py(l- y)(ya)'z[ﬂlA/ffl(r)] ~[m’(r)]-l

as (') - (4.21)

(which is valid for »=1 and v=0 in the long-range
case); as explained before, the i,-dependent terms
have been neglected in (4. 21). Then as A-0 we have
kTul/2/212 « w0, so that the denominator of the first
term in (4. 20) approaches ¢q,. Similarly, on re-
calling that k=0, the definition (3. 35) shows that
X~ 19, (1 - ¥)(va)?, which remains bounded (as
before, we set y=0, v=1 for general interactions).
It is then clear from (4. 20) and (4. 21) that the short-
range order ¥,{f|I'"} must decrease asymptotically
at least as fast as [9((I")]-"/%. This confirms the con-
clusion stated in the Introduction.

In the case of nearest-neighbor interactions the
inequality (4.20) can be optimized with respect to
the corridor width v [see Sec. IV of I]. The inequal-
ity depends on the integer v mainly through X and
hence through X, but there is also a dependence in
q, and g, via the parameter y. Strictly, the in-
equality should be optimized numerically (see Sec.
V), but in order to perform an approximate opti-
mization analytically we consider vtobe a continuous
variable. On neglecting the second term in (4. 20)
we then find that the optimum value v=v* is not far
from the solution of

[x*]" =¥/ m M- v =ai" ,
where the asterisk notation indicates that 91, and y
depend on v. When there is an acceptable solution
to (4.22), we have ¢,(X) ~2, and the inequality
(4. 20) becomes?®

(4. 22)

< 4q1/2t q
[‘I’n{fl F}]z = q(,[inl(r)]lfz + 2312(1.,) , (4. 23)
where
t = (2/n) tan" {a[OUD)]"/2/ q}%a} . (4. 24)
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Note that ¢ approaches unity for large 9(I") and that
we have set u, =1 for nearest-neighbor interactions.
Recall that g4, g4, and g, are given for this case in
(2.59)-(2.61). The numerical consequences and
the temperature dependence of the optimized in-
equality (4.23) will be explored in Sec. V.

We consider now the more general case of long-
range interactions (b) in which we suppose that only
the suvface moment L, is finite as N(T') -, as is
the case when there is a monotonic bound, satisfy-
ing

Jo(| Ru[)~ Co/ | Ry| 1

as  |RJ -« with 2>0>1 ,

(4. 25)

where C, is a constant. With the range of o speci-
fied, Jp(IR,|) will always have a first moment, but

it need not have a second moment. From (4. 25)
we can conclude that!!

K%(k)Scok® as k-0, (4. 26)
and hence that

4(0,2) 211 ag X -0, 4.217)

where ¢, and [, are constants. Since p, is uniformly
bounded, this in turn implies the result

ol f| TH< @o[oUT)] "2 as 9YT) -,
(4. 28)

where ®, is constant. Thus the short-range order
must still decrease, but it may do so more slowly
than when p; < o,

Lastly, we may consider the case in which (c) the
surface moment ;= 1, (T) is not bounded as 9(T)
—~, In order that 9(0, )~ as XA -0 we must still
require that [J-(0) - J-(1K,1)]" is not integrable at
the origin, which, as illustrated in the discussion
of (4.8)-(4.10), does not allow much latitude beyond
(4. 25). All we need to worry about, beyond this,
is the behavior of A as 9(T") - «, To check that A
still vanishes in the limit let us suppose the bound
(4. 25) holds but with 1 >0>0. If we use the first
inequality of (3.25), we find without difficulty that

g (1) S M ~[oyr)]-e (4.29)

where M, is a constant. It follows that (4. 21) must

be replaced by
A=y N, /IUT)a? ~[UD)]° .

Thus X=0 as 9(I') - « and the proof that the short-
range order decays to zero goes through under the
original condition that [J.(8) - / (1K, )] is not in-
tegrable at K, =0. 1

The last case to analyze is d=2,

2. d=2

(4. 30)

If (a) the (projected) interactions have a uniform
monotonic bound with a finite second moment (as
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assumed when d=1),!* the basic inequality becomes!®

(o 7| TP s —STE201X) 2

goln[l+¢ 2pz/M] @, ()IUT)
(4. 31)

where we have used (3.16) and (4.7). The inequality
is optimized with respect to 7 with the choice k"= /a.
Suppose first that in the nearest-neighbor case

we fix the corridor width v. The surface mo-
ment i, is uniformly bounded and from (3. 28) we
have (with y=0 and v=1 in the long-range case)

A=y (1= ) (va)#[;,/UT)] ~ [ou(T)] /2

as 9(T) -, (4.32)
On using the simplified geometry (3.1) and its con-
sequence (3. 23), this becomes

X 2240, N, @y + Ty ) /R(T)a? ~[9UT)] 2 (no corridor)
(4. 33)

as YT) - «, If follows from (3. 35) that X now di-
verges as [9UT)]"2, so that ¢,(X)~1. The second
term in (4. 31) is asymptotically negligible, so that
we have established that ¥,{fIT'} decays to zero at
least as fast as [In9U(T")]-"/2 as stated in the Introduc-
tion.

In the neavest-neighbor case we can, as for d=1,
optimize the inequality (4. 31) by proper choice of
the corridor width v (compare with Sec. IV of I).
This will be performed numerically in Sec. V be-
low, but may usefully be performed approximately
by treating v as a continuous variable. The terms
in (4. 31) depend strongly on v through x and X and
more weakly through ¢; and g,. Under the assump-
tion y <1 (i.e., a corridor of volume small rela-
tive to that of I') this latter dependence may be
ignored. On recalling that 91, depends on v and that
uz=1 for nearest-neighbor interactions we find that
the optimum value of v not far from the solution
v* of

X*=(w*a)?u, (1 - yNNt=q,[L~-1nL], (4.34)
where
£= &(I) = In[PUT)/ g ea?] >1 . (4. 35)

Substituting into (4. 31) with this value of v* (strictly
we should take v to be the nearest integer) yields

< An/q 4
[Wolrlr}Fs oo 5+ 1+ sf‘)m(r) ’

(4. 36)

which is valid for large enough 9(I"), and T not too
high (see Sec. V). The detailed implications of this
result will be discussed in Sec. V,

Again (b) the condition requiring J(R,)
to have a second moment, may be relaxed some-
what. Thus, if we had only J,(IR,|)~Cy/R* [com-
pare with (4. 8) and (4. 10)], we would conclude that
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¥o{fIT'} decreases no more slowly than
[In In9YT)] Y2, Other examples with a still slower
decay can be constructed without trouble.

Before presenting the actual numerical conse-
quences of the inequalities it is worth commenting
on the differences between the above treatment of
spin systems and the previous treatment of Bose
systems (I, Sec. IV). There are a number of sim-
plifications: The first is that, since we are dealing
with a lattice, there is no risk of “ultraviolet” di-
vergences. In particular, although it proved to be
convenient, we did not need to introduce a “corridor”
A surrounding T' as was essential in the continuum
case to avoid unbounded gradients. Furthermore,
the localized spin operators are all bounded oper-
ators in contrast to the Bose density operator for
a continuum. Hence in the spin case no analysis
was necessary to bound the local density fluctua-
tions; specifically we had no analog of the integral
Q{f} of (13.29), which was analyzed in the Appendix
of I. In this respect the spin system resembles
a hard-core Bose system and, indeed, can be re-
garded as representing a quantum lattice gas.!” A
further simplification arises since the spin com-
mutation rules generate no singular terms, so that
integration of the left-hand side of the Bogoliubov
inequality can be extended immediately to all K.
This avoids extra terms containing the upper cutoff
k' appearing in (4. 20) and (4. 31), which greatly
simplifies the optimization of the inequalities.

On the other hand, in a Bose system the kinetic
energy is always a translationally invariant local
operator corresponding to a constant short-range
interaction with a finite second moment. No analog
of K(k) was needed in the Bose case, nor were there
complications in estimating the long-range surface
or bulk interactions or in allowing for randomness
and non-uniformity. We will see in the next section
that the lack of “locality” prevents the inequalities
for the spin systems from becoming progressively
stronger as the temperature approaches infinity,
as is, in fact, the case for Bose systems,

V.NUMERICAL CONSEQUENCES

It is instructive to analyze our results somewhat
further in order to obtain concrete numerical bounds
on the summed correlation function

off,F)=(s*F)S (@) .

We shall assume the transverse fields i, (¥) vanish
identically in TUA.'® The longitudinal fields A,(F)
play only a small role in the analysis [they enter via
the magnetization M&(T); see (3.37) and (3. 38)],

but on heuristic grounds it is clear that a field in
the z direction will tend to reduce the transverse
correlations. Hence we expect our bounds to have
most force when 4,(f) =0; we shall assume this, and
also, as a corollary, M§(I')=0. Similarly, the
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magnitude of J,(F, ¥") relative to J,(F, ¥ )= J,(F, ¥
does not enter the analysis at all. Nevertheless,
it is again clear physically that large values of J,
will oppose the transverse coupling, so that the
bounds will be most informative when |J,(F, "]
<J(¥,T"), in which case the transverse correlations
should be dominant [in the case of equality, when
h(©®)= 0, the transverse and longitudinal correlations
are equal, i.e., (S*(F)S*(¥)) =(S*(F)S*(F))]. We will
consider only the case of nearest-neighbor intevac-
tions and will use the formulas derived with a cor-
ridor A, since these yield the best bounds. (Our
conclusions will be compared to those following
without the corridor to point out the relative gains.)
The basic equations, then, are (2.50) and the sets
of coefficients (2.58)-(2.62) [or (2.46)-(2.48)].

In order to simplify the geometry we shall suppose
that @ fills the box A so that the bounding surfaces
of @ are plane. Similarly, we take I'" to be a rec-
tangular parallelepiped of dimensions 3, X3 Xgt,
=991, for d=1 and 9y X, X, =N,N,N, for d=2
[see (3.1)], which implies

N(A)=29 9, (v—1)

=29, (9y+ Ny +v=-2)(v=-1),
(5.1)
d=1

d=2

M) =Ny,
=N, N,
for a corridor of width v. Also, with this geometry
we find from the definition (2. 55) that
Np=2NN,v, d=1
=29 [Ny +9y+ 2(v—1)]v, d=2 . (5. 2)

Furthermore, it is convenient to define the charac-
teristic linear dimension of I in units of lattice
spacings by

N, =Ny, d=1
= @N,)2 ) d=2 . (5.3)
We consider first the following case.
A.d=1
From (2.58) and (5.1)-(5. 3) we have
Ax=2u, /v +2v-2) , (5.4)

where we recall that we are discussing only the case
of zero external field. On setting k=0, we may
combine (2. 51) and (5. 4) to give

X=2uR I, /d®[1+2(v=1)/7.] .

Now the optimization condition (4. 22) with the defini-
tion (2. 60) of ¢, implies that X*o« 7. By (5. 5) this
means that as 7T is reduced the optimal corridor
width v* increases as 1/T [compare with (14.13)].
Conversely, at high enough temperatures the op-
timization equation (4. 22) would require v*<1,

(5.5)
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which is impossible; in fact, the inequality should
then be used simply in the “no-corridor” form v=1.
[Note that formulas (5. 1)-(5.4) reduce correctly for
this case.] For v>1 the optimized inequality (4. 23)
can be written in the simple form

(% {7|T}/SP<[oy/m, )%, da=1

where the scale length (number of sites) 97, is given
by

2= 4V (1 - 7) V2 (g, 3,/ 1) V2 + (S/57)/ 290, 9, T2,

(5.6)

d:l, V=V*>1 (5.7)

for 91;> 1. Here we have introduced the reduced
temperature variable

T:kBT/JrUA-'SZ,

in terms of which the bulk critical temperature
corresponds to 7o=~4 or 5. From (4. 22) and (5. 5)
we note that the optimization condition ceases to
have a meaningful solution for

(5.8)

T 2 Py N = To, (5.9)

so that for reduced temperatures greater than 7,
optimum results are obtained with no corridor.

It is clear from (5.6)[and the definition (2. 6),
which shows that ¥ cannot exceed S ] that the in-
equality only has force when 9 >91,. For 7T,
(where the optimization analysis is valid), 9%, will
be large so that t=1 and the second term of (5.7)
may be neglected. Furthermore, from the opti-
mization equation (4.22), the definitions (2.59)-
(2.62), and (5.9) we have y* ~27,/79,. For large
91, we may neglect v* in (5.7). With these approxi-
mations we finally obtain [see (1. 8)]

fﬂou 32 ETLNSZZ/T, (5.10)

so that at lower temperatures progressively larger
subvolumes 91 (I") must be considered to see the
decay of order. For a linear chain of spins, 9,

= qi,=1, with constant exchange (i;=1), we have
7o=1, and for 7= % find 9~ 128. As the cross
section 9,= 9,91, increases, the bound becomes
weaker rapidly unless the temperature is in-
creased proportionately. This behavior and the
form of 9% can be understood heuristically as
follows. Consider (as in the Bose case) a fluc-
tuation which “disorders” the subdomain T" by in-
verting the directions of a group of ordered spins
near the center of I relative to the direction of
ordering outside I'. Such a fluctuation will require
an energy (or, more properly, free energy) cor-
responding at least to the formation of two Bloch
walls each of thickness &3 91, =3 9, and area ;.
The mean angle of twist between spins in successive
lattice layers in these walls must be

AO~T/ 39y =2/ N, , (5.11)



3 DECAY OF ORDER IN ISOTROPIC SYSTEMS ... II

and the corresponding total Bloch wall energy is
estimated simply by

AE=29,39,) | 7] §2(1 - cosas)

~1 NNy | J|S2(a0)2. (5.12)
The ratio of this disordering energy to the mean
thermal energy is just

AE/kgT=212 g, 9, | J | 32/ksT 0,

~Qr R,AN,/1)/ Ay, . (5.13)

This is of preciesly the same form as the ratio
Mo/ N, entering (5.6)[with use of (5.10)]. Even
the coefficient 27%~ 20 is the correct order of mag-
nitude; the argument thus tends to discourage fur-
ther efforts to reduce this numerical constant.

When T2 7o, we cannot use the result (5.6) with
(5.7), which was based on the optimized inequality
(4.23). Rather, we must set v=1 in (5.1)-(5.5)
(for no corridor), and study the general inequality
(4.20) (which is valid even for long range forces
with g, # 1). The final result may be written in
the same form (5.6), but now with

32
7 (1)/2 _ 81lat(71}*'2}11 9n,I,) + 11(S/S%) ,
T RYHT + N, N,
(5.14)
where now
£ = (2/m) tan™ [m(py 911, /2144)"%] (5.15)

in place of (4.24). For interesting values of 9,
(>1), we have ¢ close to unity, and the secondterm
in (5.14) can be dropped as before. With these ap-
proximations we obtain the general result

No=8(kp/p)[1+ py( o, /T, d=1, v=1 (5.18)

where we recall that u,= y;=1 for nearest-neighbor
interactions on a homogeneous lattice. The bound
following from (5.6) with (5. 16) is valid for all
temperatures. Evidently at very high temperatures
9, approaches a finite limit, namely, 9 =8 (for
Ks=y=1). This result is a reflection of the dis-
crete lattice structure and contrasts with the cor-
responding result for a Bose fluid where the thermal
de Broglie wavelength A, vanishes as T-®, so
that the corresponding bounds on the amplitude of
the off-diagonal order become increasingly strong.
In the vicinity of the bulk transition temperature
T4 the formula (5.16) gives 9,12 for a linear
chain (9,= %,=1). As T becomes small, however,
(5.16) leads to values of 9, increasing like 1/72,
whereas the optimal values from (5.10) (v =v*)
diverge only as 1/7. As an explicit example, when
T=% andMN, =N, =1, we find9,=200 from (5.16),
whereas (5.7) gives the better result9,~128. We
may summarize the optimal low-temperature
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bounds (for p,=p,=1) by

[wo{f| T}/ < 4vZ (/7o M2 4=1. (5.17)

Lastly, in Fig. 2 we have plotted the bounds on the
reduced order [¥/5]? versus the length 9, on a
logarithmic scale for various values of the reduced
temperature 7 [see (5.8)]. These bounds have been
calculated from the full inequality (4.20) with
optimal choice of the integer v.

Finally, we turn to systems of finite thickness.

B. d=2
From (2.58), (5.1), and (5.2) we find

ZHIV'I[ Ny + 9'(1,+ 2(V - 1)]

2A=
mx fﬂy+2(l/—- 1)(3Zx+my+ V—z)

- (5.18)

It is clear from the basic inequality (4.31) or from
its optimized form (4. 36) that the inequality only
takes effect when 9, > 1. In the circumstances the
second term in the inequalities is quite negligible
and the optimized result can be written

[ {f| T}/5 £ 4no,/7(1 - *)(£~In &),

where now from (4. 35), (2.60), and (5.3) we have

(5.19)

log,, (R70)
4
1.7 . ¢ = —
Bounds |
on
0.8
2
Yo
g2 L Bounds
0.6 Oy (R)
1.0
0.4
L d =1
Hy= Ny = 05
. |
0.2 =3
L
PRSI RN S R ST SR R
oo 1 2 3 4 °
logyo M.

FIG. 2. Bounds on the order [¥ {7 IT'}/ S1* versus
9 1 for a linear chain of spins (9,=9,=1, S=3) inter-
acting with nearest-neighbor exchange. The curves have
been obtained from the full inequality (4.20) optimized
numerically with respect to v for several values of the
reduced temperature 7. The upper horizontal axis is a
distance scale for interpreting the curves as bounds on
0.(R)/ S using (6.3) and (6.4). The right-hand vertical
scale must then be used.
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£= & (M) ~1In[(r?/2e7) M, NE] , (5.20)

in which the 7y dependence of ¢; has been neglected.
However, since y* will be shown to be proportional
to -1 the ¥* dependence exhibited in (5.19) cannot
be ignored. To see this notice that the optimization
equation (4. 34) can be written with the aid of (5.1)
and (5.18) as

£t sl o)

w, re-mo) L1\ /] (5.21)
where the “shape factor”

u=u(D) =% [00/9y) V2 + (/T )V 2] (5.22)

is unity for a square domain (9= 9%y =9;). From
the definition of y in (2.62) and the geometrical
assumptions (5.1) and (5. 2) it follows that

1-y*~1-c’/(£-In&),
with

(5.23)

c'=c'(1)= 4Py, /7. (5.24)

Allowing for this dependence, (5.19) can be re-
written

[T {f| T}/SE< 279,/ In[9,/7(T)], d=2,
(5. 25)

where the scale length
oD = (2e** " 7/7291,) In [(nPon,/2e** " 7) ME],

d=2, v=yp* (5.26)

depends weakly on9i .

Comparing with (5.19), we see that whenever the
inequality has effect, we have 9,/7(€ -In& -c")
<1/47<1, so that [assuming (y, u=0(1)] we have
from (5.21) v*x< 9%, /In9,. So v* will be much
greater than unity, and the optimized inequality is
valid and accurate in all cases of practical interest.
[However, for small 3, one may have to set v=1,

2, 3, etc., in the original, unoptimized inequality
(4.31) for complete accuracy. |

It is instructive to see how the result (5.25) with
(5.26) compares with that obtained with no corridor
(v=1). From (4.31), (4.32), and (5. 3) we find, as
above, that for 91;>1, we have

[o{f|T}/S P<8%/In(o /), d=2 (5. 27)
where, now

No=4py/mlu,, d=2, v=1 (5. 28)
and

2= anp o, 7 [1+(7/2u9,N ;)] . (5.29)

When the bound is of practical interest, the term in
square brackets is close to unity. Then in the
nearest-neighbor case (u,=1) the inequality (5. 27)

has precisely the form of (5.25), except, first, the
optimized coefficient is 27 in place of 47 and, sec-
ond, the optimized scale length 4(T')~1lngi, rather
than being fixed [as in (5. 28)]. These two effects
act in opposite directions but the first strengthens
the inequality far more than the second weakens it.

Numerically even the optimized bound (5. 25) is
rather weak. The most favorable case is clearly
that of a single layer, 9,=1, If 7~3, which cor-
responds to a typical two-dimensional ordering tem-
perature, the bound begins to take effect when 91
exceeds about 28. [The weaker bound (5.27) with
(5. 28) and (5. 29) only comes into play when 97 ; 2 33. ]
However, to establish, say, \P2£%§Z, one must take
9,>2x10% More generally, the best bounds to
(¥/8)? are plotted in Fig. 3 versus 9 (= 9ix=9y)
for various values of 7 (for the uniform nearest-
neighbor situation where y = y,=1). Evidently,
when 7=4, one must go to the “macroscopic” length
9, ~10°% in order to show that ¥2< £ 5%, The bounds
improve as T increases but weaken correspondingly
as the thickness increases.

The heuristic Bloch-wall argument presented in
the d =1 case is easily extended to the two-dimen-
sional situation. One sees that the ratiog /7
appearing in (5. 25) and elsewhere is essentially

logy,(R/a)
1.0
Bounds
on
20.5—
Yo
§® t
0.6
0.4
0.2
obu il Y | | L | 1
o] 1 2 4 6 8

log,o A

FIG. 3. Bounds on the order [¥o {fIT}/S]2 versus
N, for a planar lattice of spins (M, =1, S=3) interacting
with nearest-neighbor exchange. The curves have been
obtained from the full inequality (4.31) optimized numeri-
cally with respect to v for several values of the reduced
temperature 7. The upper horizontal axis is a distance
scale for interpreting the curves as bounds on cr.,(ﬁ)/g‘z
using (6.3), (6.5), and (6.6). The vertical scale must
then be multiplied by 16,
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the ratio of the incremental (wall) free energy
needed to invert Ny N, N, spins to the mean thermal
energy. The argument does not, however, yield
the logarithmic dependence of the bound and will
not be presented in detail.

VL. POINT-TO-POINT CORRELATIONS

The bounds discussed above refer to average (or
sums) of the correlation function o(¥, ¥’) over a
domain I'. If this correlation function is known to
be non-negative, then more detailed results can be
obtained. In fact, the positivity of the spin-spin
correlation functions { S*(¥')S™(¥)) has been estab-
lished'®?® when all the interactions J,(¥,¥’) are
non-negative. Then by following the line of argu-
ment given in Sec. V of I we can quite easily prove
that the “projected” correlation function®

Eeo(-R.'ll) = 3L;z E{,_Ei?l <s+(?'u +ﬁm ;J'.)S-(;m Fl»
(6.1)

“decreases on the average” at least as fast as
1/1R 12 for d=1, and as 1/In(I1R,|/7,) for d=2
in the sense that

Y. 7.(R,) < BR?
1®,1<R

d=1

< B,R¥/In(R/7,), d=2. (6.2)

The amplitudes B, and B, depend on the temperature,

etc., and, as explained in Sec. V above in connec-
tion with the scale number, we have 7,=74(R) <lnR.

More specifically, if it is also known that ¢.(R,)
decreases monofonically with Iﬁ,,l for sufficiently
large arguments, one can prove (see Sec. V of I)
that

7.(R)/82 < A,/ (R/a)'?, d=1

< A,/In(2V2R/vy), d=2 (6.3)

as R-«, For the uniform nearest-neighbor chain
(9t,=9t,=1) one finds from the results of Sec. V
that

A, =6V3 /T2, (6.4)

in the regime where the analytic optimization pro-
vides a good approximation. Similarly, for the
single-layer lattice (91, =1) one finds

Ay =321/7

d=1

(6.5)
and
ro/a={(2e*°" 7/7%) In[(7%/2¢7)(2V2 R)?|}/2 (6.6)

also in the region where the optimization is valid.
More general expressions for A, A,, and 7, follow
from the general inequalities (4. 20) and (4. 31).
Notice that the curves of Fig. 2 (for d=1) are
bounds on?! o.,(R)/S? if the abscissa is interpreted
as log,o(R/a) and [from (6. 4) and (5.10)] the (¥o/5)?
scale is multiplied by 1. 837. It should be recalled
that Fig. 2 is drawn forgt, =91, =1, S=3. The cor-
relation function ¢.(R)/3% is bounded when d=2
(9t,=1,S=%) by curves of similar shape to those
shown in Fig. 3 [with reinterpretation of the ab-
scissa as log;4(2V 2 R) and multiplication of the
vertical scale by 16]. Finally, it should be noted
that although the monotonic decay of .(R,) [or of
o(F, ¥')] is quite plausible, it has not been estab-
lished (nor does it seem easy to do so).
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Using an ac calorimetric method, the specific heat C,(7) of pure single-crystalline Ni has
been measured over a temperature range of 100 K centered at the Curie point (~ 631 K). The
experimeptal method permits continuous observation of C, vs T with a temperature resolu-
tion of ~0.01 K using very small specimens (~7.8 mg). Special attention has been devoted
to the determination of the analytical form of the magnetic contribution to C,(7). The effect
of applied fields up to 240 Oe has also been studied. At zero field, the data fit a standard
power-law expression over the range —3.2=<logy | (T-T,)/T,] =-1.6, with exponentsa = o’
==0.10+£0.03. The data obtained with applied field follow the scaling relations calculated
by Griffiths from the magnetic equation of state. The observed rounding of the specific-
heat curve at its maximum is discussed and some experimental factors which influence the
degree of the observed rounding are described.
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I. INTRODUCTION

This paper reports an experimental study of the
temperature dependence of the specific heat Cp(T')
for Ni near its Curie point (7o~ 631 K). The mea-
surements are made using an ac calorimetric tech-
nique which permits direct observation of C,(T) as
a continuous function of 7' (with a temperature res-
olution of about 1072 K) on small specimens of mass
about 10 mg. These experimental advantages per-
mit unusually precise examination of C,,(T) near the
singularity at T¢ using very small specimens of
relatively high crystalline perfection.

The ac calorimetric method used here is an elab-
oration of a basic technique originally developed
and described independently by Kraftmakher! and
by Sullivan and Seidel.? A previous account out-
lining the essential details of the present method
and giving some preliminary data for Ni was pub-
lished earlier.® The results reported here are be-

lieved to give a more detailed picture of the form
of the singularity in C,(T) for Ni than any of the
previously reported investigations. Preliminary
results on the effect of an applied magnetic field
and some of the physical factors which affect the
shape of the singularity are also described.

II. EXPERIMENTAL METHOD
A. Technique

The same technical principles described earlier®
are used here, but several refinements have been
made. The principal changes are intended to (a)
increase the sensitivity and precision of the tem-
perature measurements and (b) improve the quality
of the measured Ni specimens.

The Ni specimens are single-crystal chips (3
X 3% 0.1 mm) lightly supported in the center of a
massive copper assembly which occupies the center
of a furnace. The dominant thermal contact be-
tween the specimen and the copper surroundings is



